This paper presents a new two-rigid block model for sliding gravity retaining walls. Some conceptual limitations of a direct application of Newmark's sliding block method to the case of retaining walls are discussed with reference to a simple scheme of two interacting rigid blocks on an inclined plane. In particular, it is shown that both the internal force between the blocks and their absolute acceleration are not constant during sliding, and must be computed by direct consideration of the dynamic equilibrium and the kinematic constraints for the whole system. The same concepts are extended to the analysis of the active soil wedge-wall system, leading to an extremely simple procedure for computing the relative displacements of the wall when subjected to base accelerations exceeding the critical value. A comparison with the results of numerical analyses demonstrates that the proposed method is capable of describing fully the kinematics of the soil wedge-wall system under dynamic loading. On the contrary, direct application of Newmark's method may lead to inaccurate predictions of the final displacements, in excess or in defect depending on a coefficient which emerges from direct consideration of the dynamic equilibrium of the whole system. This coefficient can be viewed as a corrective factor for the horizontal relative acceleration of the wall, related to the mechanical and geometrical properties of the soil-wall system.
Introduction
In recent literature several cases are reported of damage to gravity and cantilevered retaining walls due to severe seismic shaking [9, 18] . Well after the seminal works by Okabe [27] and Mononobe and Matsuo [25] , several studies have tackled the problem of computing active dynamic pressures with a theoretical [20, 24, 29, 17] , experimental [2] and numerical approach [10, 8] .
More recently, following Newmark [26] and the pioneering work by Richards and Elms [28] , the emphasis has gradually shifted towards the computation of wall displacements, in light of performance based design. For instance, Zeng and Steedman [34] , Ling [21] , Kim et al. [16] , Huang [13] , Basha and Babu [3] , Huang et al. [14] and Trandafir et al. [31] have considered both a translational and rotational failure mechanism for the wall to compute relative displacements using Newmark's approach. The idea is that of defining a critical value of the acceleration, a c (¼ k c g), for an active type of soil-wall failure mechanism, and then computing the displacements of the wall due to a base acceleration a (¼k h g), by direct double integration of the relative acceleration (a À a c ). The underlying assumption is that, when the wall moves relative to its base, the absolute acceleration of the wall remains constant and equal to its critical value [4] . Only a few authors [33, 23, 31] apply a corrective factor to the relative acceleration, emerging from direct consideration of the equation of motion of the soil-wall system. More in detail, Zarrabi-Kashani [33] proposes an equation in which k c varies during shaking and an iterative procedure must be adopted to integrate the equation of motion in time; Trandafir et al. [31] use the Bishop simplified slice method to determine k c , paying less attention to the kinematic conditions at the soil-wall interface when sliding occurs; Michalowski [23] considers a multi-block mechanism derived from slope stability methods yielding an equation of motion that the same author [12] does not recommend for the analysis of retaining walls, due to the formation of multiple shear bands. As a result, wall displacements are still commonly simply obtained by direct double integration of (k h À k c )g.
This work examines the dynamic behaviour of gravity retaining walls with dry cohesionless backfill, accumulating relative displacements solely by sliding on their base. A simple scheme of two frictional rigid blocks resting on an inclined plane is examined first to show that Newmark's approach cannot be used directly to compute the relative displacements of the blocks. More in detail, by considering the dynamic equilibrium of the blocks, it is shown that the assumption that the absolute acceleration during sliding is constant and equal to its critical value is not correct, and this affects the internal force between the two blocks. Turning the attention to gravity retaining walls, this implies that it is not possible to examine the dynamic equilibrium of the wall on its own, as the dynamic thrust between the active wedge and the wall is an internal force that cannot be computed without knowledge of the absolute acceleration of the soil wedge. The equations of motion of both the soil wedge and the wall are then derived based on dynamic equilibrium and kinematic conditions of the whole system; the predictions of the model are discussed and compared with the results of numerical analyses.
Once again, Newmark's approach cannot be used directly to evaluate the permanent displacements of the soil-wall system unless a corrective factor for the relative accelerations is introduced in the computation. This factor is independent of the seismic excitation and, for realistic geometries of the wall and mechanical properties, takes values between about 0.7 and 1.1.
In the derivation of the model, the vertical component of the base acceleration is neglected (k v ¼0), as this has been proven to have a minor effect on the seismic displacements of gravity retaining walls (see e.g. [33, 13, 11] ). Also, the work does not examine the effects of shear strength reductions due to strain softening of dense sand on shearing. Fig. 1 shows the problem under examination, consisting of two frictional rigid blocks resting on a plane with an inclination α on the horizontal. The reference axes, x and y, are parallel and orthogonal to the inclined plane. W 1,2 , ϕ 1,2 , and k h are the weights of the two blocks, the friction angles at the interface between the blocks and the plane, and the coefficient of horizontal base acceleration. Moreover, S is the compressive internal force between the two blocks, which are assumed to have perfect rigid smooth contact, and T 1,2 and N 1,2 are the shear and normal forces at the contact between the blocks and the plane.
A simple two-rigid blocks model on an inclined plane
The dynamic equilibrium of each block, in the x and y directions, is given by
in which ΣF x and ΣF y are the sums of all the forces acting on the block, while € u and € v are the absolute accelerations of the block, in the x and y directions, respectively.
Assuming that the two blocks have the same relative displacement in the x direction (u 1r ¼ u 2r ¼u r ) and thus € u 1r ¼ € u 2r ¼ € u r , and that no relative displacements occur in the y direction (v 1r ¼v 2r ¼0) and thus
and
for block #1 and block #2, respectively. Incidentally, note that the condition v r ¼0 implies that the normal forces at the base of the blocks are always positive, which, according to Eqs. (3b) and (4b), requires that
In the following, it is assumed that, even in static conditions, block #2 is in a limit state, i.e. that T 2 ¼T lim,2 ¼N 2 tanϕ 2 . This assumption, which is necessary to have a unique solution for Eqs. (3) and (4), holds if two conditions are satisfied, namely if tanϕ 2 rtanα, and tan ϕ 1 4 tan α þðW 2 =W 1 Þð tan αÀ tan ϕ 2 Þ.
To understand the dynamic behaviour of the system, three conditions have to be examined: (1) the blocks and the base experience the same acceleration k h o k c ; (2) a limit state (critical) condition is attained in the system, k h ¼ k c ; and (3) the two blocks start sliding along the base for k h 4 k c .
Until
, no relative displacements occur between the blocks and the base, and the internal force between the two blocks is given by
which is the sum of a static term proportional to the weight of block #2 and a dynamic term proportional to the inertia forces acting on the same block. The critical condition for the system (k h ¼ k c and € u r ¼ 0) is attained when all the available friction is mobilized at the base of block #1, that is when T 1 ¼ T lim1 . From Eqs. (3) and (4) it is
Thus, the critical acceleration depends on both the mechanical and geometrical properties of the system (ϕ 1,2 and α) and on the ratio of the weights of the two blocks, while the internal force is given by Eq. (6) with k h ¼ k c . When the applied horizontal acceleration exceeds the critical value (k h 4 k c ), the two blocks start to slide along the base. The dynamic equilibrium of the system is expressed by
is a coefficient which depends on the mechanical and geometrical properties of the system and on the ratio of the weights of the two blocks. Eq. (8) can be integrated twice, over the time intervals in which the relative velocity, _ u r , is non zero, to compute the permanent relative displacements experienced by the two blocks during the dynamic stage. During the same time intervals, the internal force is given by
Eq. (5) guarantees that the internal force is always positive, but S is not constant, and may be larger or smaller than its critical value S (k c ), depending on the characteristics of the system and on the acceleration time history applied at the base, k h . This result clearly arises from the fact that the base is not horizontal; as a matter of fact, if α¼ 0, the standard Newmark's approach is recovered, as S ¼S(k c )¼constant, and η ¼1. The scenario is quite different when the applied base accelerations are leftwards, i.e. when the inertia forces acting on the system would give rise to upwards relative displacements of the two blocks (see Fig. 1 ). In this case, in fact, the assumption T 2 ¼ T lim2 no longer holds if the two blocks are not sliding along the base (upwards or downwards), and the internal force S cannot be computed until upward critical conditions are attained (Àk h ¼ k c;UP ). The kinematic quantities for the system, however, can always be defined.
Examples
In order to highlight the main physical implications of the twoblock model outlined above, two examples are discussed here, in which simple excitations are applied at the model base, and the resulting kinematic quantities are computed. Table 1 reports the adopted values of the geometrical and mechanical parameters.
In the first example (I), a base acceleration time history consisting of a wavelet with a maximum acceleration of 0.3 g is applied at the model base, that has an inclination α ¼ 301 with respect to the horizontal. The critical seismic coefficients for the system are k c ¼ 0:11 and k c;UP ¼ 1:60 for sliding downwards and upwards respectively, thus no upwards relative displacement will take place for the accelerations applied. Fig. 2 shows: (a) the acceleration time history applied at the base, € u base ¼ k h cos α, and the absolute acceleration of the two blocks, € u; (b) the absolute velocity of the base, _ u base , and of the two blocks, _ u; (c) the relative displacement of the two blocks, u r , and (d) the internal force between the two blocks, S, all in the x direction.
As expected, as far as k h o k c , the absolute acceleration of the blocks is equal to that applied at the base. Once the critical condition is attained in the system, the relative velocity between the blocks and the base is non zero and relative displacements occur, which must be computed by double integration of Eq. (8) . At the same time, the absolute acceleration and the internal force vary and are both smaller than the corresponding critical values, for k h 4 k c , and larger than the critical values for k h o k c . Once the blocks and the base reach the same absolute velocity, a jump occurs in both the absolute acceleration of the blocks and the internal force. However, as emphasized in Fig. 2(d) , the rigid- Table 1 Geometrical and mechanical parameters of two-block system. perfectly plastic model does not allow to compute S in the time intervals in which k h o 0 and _ u r ¼ 0. In the second example (II), the two blocks lie on a horizontal plane and the contact between block #2 and the base is smooth. A sinusoidal time history of positive acceleration with a maximum of 0.25 g is applied at the model base, such that inertia forces in the system are always leftwards (see Fig. 3 ). Once again, relative displacements occur only when the critical condition is attained. However, in this case, both the absolute acceleration of the blocks and the internal force remain constant and equal to the corresponding critical values during all the time intervals in which sliding takes place. This is exactly the conceptual scheme adopted by many authors in the direct application of Newmark's method for the calculation of relative displacements of gravity retaining walls (see e.g., [4] ).
Two-rigid block model for sliding gravity retaining walls
The problem under consideration consists of a dry cohesionless backfill retained by a gravity wall, subjected to a uniform horizontal acceleration a h ¼k h g directed towards the soil. Fig. 4 shows all the forces and the relevant parameters for the problem, i.e.: the height of the wall, H, and the inclination of its internal face, β; the friction angle of the backfill, ϕ, the friction angles of the interface between the wall and its base, ϕ b , and between the wall and the backfill, δ; the slope, ε, and the unit weight, γ, of the soil backfill. W w and W are the weights of the wall and of the soil wedge, respectively, and S is the internal force between the two, i.e. the soil thrust acting on the wall. Moreover, T w and N w are the shear and normal forces at the base of the wall, and T lim and N are the shear and normal forces along the slip surface delimiting the soil wedge, which is assumed to be in active limit state in static conditions. This time the x and y directions are taken to be horizontal and vertical i.e., parallel and orthogonal to the base of the wall.
The soil is taken to be rigid-perfectly plastic, and the only considered failure mechanism is sliding of the wall along its base (infinitely strong and rigid foundation).
Following the same procedure as for the two rigid blocks on the inclined plane, and with the kinematic constraints detailed in Appendix A, the equilibrium of forces in the x and y directions is given by (see Fig. 4 )
for the wall, and by which, again, is the sum of a static term proportional to the weight of the soil wedge and a dynamic term proportional to the inertia forces acting on it. For a given k h , the "effective" inclination of the slip surface, α AE [33] and the corresponding soil active thrust, S AE ¼ Sðα AE Þ [27, 25] can be computed by maximizing Eq. (13) with respect to α (see Appendix B).
The critical condition for the system (k h ¼ k c and € u r ¼ 0) is attained when all the available friction is mobilized at the base of the wall, that is when T w ¼ T lim;w . By combining Eqs. (11) and (12) , the critical seismic coefficient for the wall-soil wedge system can be defined as
which depends on the mechanical and geometrical properties of the system, on the ratio W/W w , and on the inclination α of the slip surface. Again, the effective inclination of the slip surface in critical conditions, α c , and the corresponding value of the critical coefficient, k c ¼ k n c ðα c Þ, can be obtained by minimizing Eq. (14) with respect to α (see e.g. [5] ). Conceptually, this procedure coincides with finding k c as the pseudostatic coefficient which induces limit equilibrium conditions in the wall, subjected to the inertia forces and the soil active thrust, S AE . From Eqs. (11) we get
which corresponds with the implicit equation proposed by Richards and Elms [28] and subsequently adopted in most works in the literature. Thus angle α c can be computed using Eq. (B.2), with k h ¼ k c . Unlike Zarrabi-Kashani [33] , in this work it is assumed that, once the wall starts to slide and as long as relative displacements occur, the slip surface in the backfill does not change. This kinematic assumption, leading to an extremely simple procedure for the solution of the dynamic equation of motion, and more suited to a rigid-block interpretation of the system, will be discussed in the following section comparing the predictions of the model with some numerical results.
Condition 3: sliding (k h 4 k c ) In the time intervals during which the horizontal base acceleration is larger than the critical value (k h 4 k c ), the wall starts to slide along its base. The dynamic equilibrium of the system is still expressed by Eq. (8), in which coefficient η can be computed by combining Eqs. (11) and (12) η ¼ cos ϕ b cos ðδ þ β þ ϕÀαÞþðW=WwÞ cos ðϕÀαÞ cos ðδ þ β þ ϕ b Þ cos ϕ b cos ðδ þ β þ ϕÀαÞþðW=WwÞð cos ϕ cos β cos ðδ þ β þ ϕ b Þ= cos ðαÀβÞÞ ð16Þ and depends solely on the mechanical and geometrical properties of the system, and on the ratio W/W w . In other words, η does not depend on the seismic acceleration and can be considered as a correction factor to compute displacements with the classical Newmark sliding block approach. During the same time intervals, the internal force between the soil wedge and the wall is
where
According to our assumption, both Eqs. (16) and (17) can be computed with reference to α ¼ α c .
As already pointed out for the two-block model, the scenario is different when the applied accelerations are leftwards (k h o 0), i.e. when the inertia forces acting on the system are towards the backfill (see Fig. 4 ). In this case, three different situations can take place, depending on the conditions of the backfill (i) the wall is still sliding towards the left ( € u r o 0); in this case, the soil wedge is in active limit state and all the equations presented above apply; (ii) the relative displacements of the wall are zero (€ u r ¼ 0); in this case, the backfill is no longer in limit equilibrium conditions and the assumption T ¼ T lim does not hold. It follows that Eqs. (11) and (12) represent an indeterminate system of equations and the internal force S cannot be computed; (iii) the wall is sliding towards the backfill ( € u r 4 0). In this case, the inertia forces acting on the system induce passive limit state conditions in the backfill (T ¼ T lim ) and both the internal force S and the relative acceleration € u r can be computed by solving the equilibrium equations for the system. This situation would be hardly reached during a real earthquake, when the maximum applied accelerations are usually significantly smaller than the critical value corresponding to which passive conditions are attained in the retained soil.
From the comments above, it is clear that the assumption of rigid-perfectly plastic behaviour for the soil allows for a complete description of all the kinematic quantities of the system, but does not allow for the computation of the dynamic soil thrust during the whole applied acceleration time history. This is of some practical importance if the maximum applied thrust on the wall is of significance, for instance for the structural design of cantilevered retaining walls.
A parametric study was conducted in order to quantify the error associated to a direct application of Newmark's sliding block method to gravity retaining walls, without taking into account coefficient η defined in Eq. (16) . Table 2 reports the geometry of the three walls examined in the parametric study; three values of β (¼ À101, 01 and 101) and two values of ε ( ¼01 and 101) were considered; the friction at the interface between the wall and the soil wedge was always δ¼2/3ϕ, while the ratio of the friction angle of the retained soil and the friction angle at the wall-base interface, ϕ/ϕ b , was varied between 0.8 and 1.2. Figs. 5 and 6 show that both the computed values of coefficient η and of the critical seismic coefficient, k c , increase with the friction angle of the retained soil, ϕ, and the friction angle of the wall-base interface, ϕ b . Moreover, η increases slightly with increasing ε and β, while k c decreases with increasing ε and decreasing β. For the range of values considered in the parametric study, η varies between about 0.7 and 1.1; it follows that direct application of Newmark's approach may result in a maximum error of 30%.
Numerical investigation
In order to assess the capability of the proposed model to describe the dynamic behaviour of gravity retaining walls, we discuss the results of two numerical analyses in which different excitations were applied, namely a simple wavelet with a maximum acceleration of 0.3g, and a real earthquake registered on rock outcrop (Tolmezzo earthquake: PGA ¼0.35 g, mean period
The plane-strain finite difference analyses were carried out on a pair of gravity walls at a distance of 16 m from one another, retaining a 4 m thick ideal layer of dry sand (soil #1) overlying a stiffer soft rock deposit (soil #2). Fig. 7 shows the finite difference grid adopted in the numerical analyses, with an extension of 100 m, consisting of a total of 8652 elements, with a minimum size of 0.33 m near the walls. Fig. 8 shows a detail of the grid close to the walls together with the position of three points considered in the discussion of the results: N1, representative of free field conditions; N2, at mid height of the walls; and N3 within the active soil wedges.
The retaining walls were modelled as elastic solid elements with a density ρ¼2.55 mg/m 3 , a Young's modulus E ¼40 GPa, and a Poisson's ratio ν ¼0.15, connected to the grid nodes with elasticperfectly plastic interfaces along both the vertical side (δ¼161) and the base (ϕ b ¼ϕ¼ 251). Table 2 Geometrical properties of the three walls examined in the parametric study. The soil was modelled as an elastic-perfectly plastic material with a Mohr-Coulomb failure criterion and a non-associated flow rule with zero dilatancy. The small strain shear modulus is given by G 0 ¼ 10000 ffiffiffiffi p′ p (kPa) for the retained sand (soil #1), where p' is the mean effective stress, while a constant value of G 0 ¼ 3.6 Â 10 3
MPa was used for the soft rock layer (soil #2). In both cases, the Poisson's ratio is ν¼ 0.20. Table 3 summarizes the main physical and mechanical properties adopted in the numerical analyses. Table 2 . Table 2 .
For the initial static stage, during which the gravity walls were installed and the backfill elements were activated in successive steps, the shear modulus of the sand layer was set equal to 0.3 Â G 0 . During the subsequent dynamic stage, non-linear and dissipative behaviour was introduced for stress paths within the yield surface through a hysteretic model available in the library of FLAC 5.0 [15] . This is an extension to general strain conditions of the one-dimensional non-linear models that make use of the Masing [22] rules to describe the unloading-reloading behaviour of soil during cyclic loading. Fig. 9 shows a comparison between the modulus decay curve and the equivalent damping ratio of the adopted model and that suggested by Vucetic and Dobry [32] for soils with zero plasticity index.
After the static stage, the horizontal acceleration time histories of the input excitations were applied to the bottom nodes of the grid, together with a zero velocity condition in the vertical direction, while standard periodic constraints [35] were applied to the lateral boundaries. According to the model described above, the critical seismic coefficient of the walls is k c ¼ 0.09, while coefficient η ¼0.83. Fig. 10 shows the results obtained from the numerical analysis with the wavelet input acceleration in terms of computed absolute acceleration of the (a) right and (b) left wall, and (c) relative displacements of right and left wall; these are compared with the predictions obtained with the model described above, using the free field acceleration (N1) as the input base motion. The results show that the absolute acceleration of both walls coincides with the base acceleration until the seismic coefficient is smaller than the critical value, k c ; once the base acceleration exceeds the critical value, the walls slide on their base under an absolute acceleration that varies with time, both in the numerical and theoretical models, while in Newmark's approach the absolute acceleration of the wall during sliding is taken to be constant and equal to its critical value. The agreement between the numerical and theoretical predictions of the relative displacements of both walls is extremely good, both in magnitude and trend; on the other hand, a prediction obtained by direct application of Newmark's method (η ¼1) over predicts the numerical results by about 17%. Fig. 11 shows the results from the same analysis, this time in terms of computed absolute (a) horizontal and (b) vertical acceleration of the soil wedge behind the right wall, and absolute (c) horizontal and (d) vertical acceleration of the soil wedge behind the left wall. In the time intervals during which the walls are sliding on their base, the soil wedge is moving with both horizontal and vertical components of acceleration. In the theoretical model, the vertical acceleration of the soil wedge derives from the kinematic constraints detailed in Appendix A, assuming that the inclination of the slip surface remains constant and equal to α c ; the remarkably good agreement between the numerical predictions and the results confirms that taking α¼α c ¼constant is a reasonable assumption. Fig. 12 shows the contours of relative horizontal displacements within the retained soil at the two times indicated in Figs. 10 and 11 , when the left wall is sliding on its base. For comparison, Fig. 12 also shows the inclination of the critical active soil wedge, α c ¼471. While it is clear that there is no well defined slip surface, but rather a gradual transition to zero relative displacements away from the wall, it is also evident that there is a soil wedge immediately behind the wall which is acting as a rigid body, delimited by a surface at an inclination corresponding closely to α c . This result is qualitatively similar to that obtained experimentally by Aitken [1] from small scale shaking table models of retaining walls. Photographs taken at the end of the tests revealed that in the retained soil there were a number of slip surfaces, across a transition zone between a nearly rigid soil wedge and the undisturbed soil.
Finally, Fig. 13 shows the results obtained from the numerical analysis carried out using the Tolmezzo record as input base acceleration, in terms of computed absolute acceleration of the (a) right and (b) left wall, and (c) relative displacements of right and left wall; as before, these are compared with the predictions obtained using both the theoretical model and by direct Fig. 7 . Finite difference grid adopted in the numerical analyses. Fig. 8 . Detail of the finite difference grid adopted in the numerical analyses showing the points considered in the discussion of results.
Table 3
Physical and mechanical properties adopted in the numerical analyses. application of Newmark's method. The agreement between the numerical and theoretical predictions of the relative displacements of both walls is extremely good, both in magnitude and trend; once again, the prediction obtained by direct application of Newmark's method over predicts the numerical results by about 17%. 
Conclusions
A new two rigid block model for sliding gravity retaining walls has been developed. Some conceptual limitations of direct application of Newmark's sliding block method to the case of retaining walls have been discussed with reference to a simple scheme of two rigid frictional blocks resting on an inclined plane and interacting with one another. In particular, it has been shown that both the internal force between the blocks and their absolute acceleration are not constant during sliding, and must be computed by direct consideration of the dynamic equilibrium and kinematic constraints for the whole system.
The same concepts have been extended to the analysis of the dynamic equilibrium of a soil wedge, in active limit state, interacting with a gravity retaining wall subjected to a base excitation exceeding the critical acceleration of the soil-wall system. The simple assumption that the inclination of the slip surface delimiting the active wedge during sliding does not vary with time yielded an extremely simple procedure to compute the relative displacements of the wall. The comparison with the results of numerical analyses is very encouraging, demonstrating that the kinematic assumption on the inclination of the slip surface is reasonable; moreover, the proposed method is capable of describing fully the kinematics of the whole system under dynamic loading. On the contrary, direct application of Newmark's analysis may lead to inaccurate predictions of the final displacements, in excess or in defect depending on the value taken by η, which is independent of the seismic acceleration and can be viewed as a corrective factor for the horizontal relative acceleration of the wall, related only to the mechanical and geometrical properties of the soil-wall system. A limited parametric study has been conducted to evaluate η for realistic geometries of the wall and mechanical properties of the retained soil and the wall-soil and wall-base interfaces, yielding values of η between about 0.7 and 1.1.
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